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1.1. Öèêëè÷åñêèå êîäû

Ðàçðàáîòêà ýôôåêòèâíûõ èíôîðìàöèîííûõ òåõíîëîãèé íåâîç-
ìîæíà áåç ïðèâëå÷åíèÿ ìàòåìàòèêè. Âîîáðàæåíèå èññëåäîâà-
òåëÿ èëè èíæåíåðà � âåùü õîðîøàÿ, íî íàèáîëåå âàæíûå òåõ-
íîëîãèè áûëè ïîëó÷åíû â ðàìêàõ èçîùðåííûõ ìàòåìàòè÷å-
ñêèõ ìîäåëåé. Îäíà èç íèõ � ýòî öèêëè÷åñêèé êîä.

Ïóñòü íàáîð ñèìâîëîâ, àëôàâèòà íàøåé êîììóíèêàöèîííîé
ñèñòåìû íàøåé ìîäåëèðóåòñÿ ïîëåì Fq. Â ýòîì ñëó÷àå ïîëíûé
íàáîð ñîîáùåíèé-êîìàíä, ïðåäñòàâëÿþùèõ ñîáîé óïîðÿäî÷åí-
íûå íàáîðû ýëåìåíòîâ Fq ôèêñèðîâàííîé äëèíû k ðàññìàòðè-
âàåòñÿ êàê ëèíåéíîå ïðîñòðàíñòâî Fk

q . Êîäèðîâàíèå ìîäåëèðó-
åì ëèíåéíûì ïðåîáðàçîâàíèåì ϕ : Fk

q 7→ Fn
q . Â ýòîì ñëó÷àå

íàáîð îáðàçîâ âåêòîðîâ-ñîîáùåíèé ïåðåõîäèò â ëèíåéíîå ïîä-
ïðîñòðàíñòâî C � ëèíåéíûé êîä. Ìû óæå çíàåì (ñì. ïðåäûäó-
ùèå çàäà÷è èç ÈÄÇ), ÷òî èñïðàâëÿþùèå ñâîéñòâà ïîëó÷åííîãî
êîäà îïðåäåëÿþòñÿ a posteriori ñâîéñòâàìè ïðîâåðî÷íîé ìàò-
ðèöû H.

Çíà÷èòåëüíî áîëåå ïëîäîòâîðíîé îêàçûâàåòñÿ ïîëèíîìèàëü-
íàÿ èíòåðïðåòàöèÿ è íàëîæåíèå íà ïîäïðîñòðàíñòâî C óñëî-
âèÿ çàìêíóòîñòè îòíîñèòåëüíî öèêëè÷åñêîé ïåðåñòàíîâêè. Ïðè
ýòîì ìû èíòåðïðåòèðóåì ñëîâî (v0, v1, . . . , vn−1), êàê êîýô-
ôèöèåíòû ìíîãî÷ëåíà íàä ïîëåì Fq, çàïèñàííûì â ïîðÿäêå
âîçðàñòàíèÿ ñòåïåíè.(Ìîæíî çàïèñàòü ìíîãî÷ëåí è ïî âîçðàñ-
òàþùèì ñòåïåíÿì � íåêîòîðûå àâòîðû òàê è äåëàþò!) Ýòî ïîç-
âîëÿåò íàì ïîëó÷èòü ïîëåçíûå ðåçóëüòàòû è àëãîðèòìû îáñ÷å-
òà ýëåìåíòîâ ñëîâà, êîòîðûå èíà÷å ñîâåðøåííî íåî÷åâèäíû.

Ïóñòü v = (v0, v1, . . . , vn−1). Òîãäà âåêòîð v
(1) = (vn−1, v0, v1,

. . . , vn−2) íàçûâàþò ïðàâûì öèêëè÷åñêèì ñäâèãîì v. Ïîâòîðèâ
îïåðàöèþ i ðàç, ïîëó÷èì v(i) = (vn−i−1, vn−i+1), . . . , vn−i+1).
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Îïðåäåëåíèå. Ëèíåéíûé êîä C òàêîé, ÷òî ∀v ∈ C ∀i =
1 . . . n− 1, v(i) ∈ C íàçûâàþò öèêëè÷åñêèì.

Äëÿ ðàáîòû ñ öèêëè÷åñêèìè êîäàìè óäîáíî ïðèìåíÿòü ïî-
ëèíîìèàëüíóþ èíòåðïðåòàöèþ. Â ÷àñòíîñòè, îïåðàòîð ïðàâîãî
ñäâèãà íà îäíó ïîçèöèþ, D(1)v = v(1) = (vn, v0, v1, . . . , vn−1)
ñâîäèòñÿ ê óìíîæåíèþ v(1)(x) = x(v(x))( mod xn − 1).

Ìíîæåñòâî ìíîãî÷ëåíîâ, ñîñòàâëÿþùèõ öèêëè÷åñêèé êîä
ìîæíî ïîëó÷èòü, èñïîëüçóÿ òîëüêî îäèí èç íèõ � íåíóëå-
âîé íîðìèðîâàííûé ìíîãî÷ëåí. Åãî íàçûâàþò ïîðîæäàþùèì,
g(x). Êàæäûé ìíîãî÷ëåí èç v(x) ∈ C åäèíñòâåííûì îáðàçîì
ïðåäñòàâëÿåòñÿ â âèäå v(x) = m(x)g(x). Öèêëè÷åñêèé êîä äëè-
íû n ñóùåñòâóåò òîãäà, è òîëüêî òîãäà, êîãäà g(x) |xn − 1.

Â ïîëèíîìèàëüíîé èíòåðïðåòàöèè äåêîäèðîâàíèå öèêëè÷å-
ñêîãî êîäà (åñëè êîäèðîâàíèå ïðîèçâîäèëîñü óìíîæåíèåì íà
g(x)) ïðîèçâîäèòñÿ äåëåíèåì íà ïîðîæäàþùèé ìíîãî÷ëåí.

Ïðèíÿò (ïðîøåäøèé ïî êàíàëó ñâÿçè) ìíîãî÷ëåí u∗(x), ïðî-
èçâîäèì äåëåíèå è ïîëó÷àåì u∗(x) = a(x)·g(x)+s(x), deg s(x) <
n− k = deg g(x).

Îïðåäåëåíèå. Ñèíäðîìíûì ìíîãî÷ëåíîì âåêòîðà u∗ (à
òàêæå è ìíîãî÷ëåíà u(x)∗) îòíîñèòåëüíî C íàçûâàåòñÿ îñòà-
òîê îò äåëåíèÿ u∗(x) íà g(x).

Ñëîâà "îòíîñèòåëüíî C" îïóñêàþò, åñëè êîä èçâåñòåí.

v(x) = m(x)g(x) + s(x), deg s(x) < deg g(x).

Òåîðåìà. Ïóñòü C � öèêëè÷åñêèé êîä V (n, Fq). Äâà ñëîâà
èç V (n, Fq) èìåþò îäèí è òîò æå ñèíäðîì ò.è.ò.ò., êîãäà îíè
ëåæàò â îäíîì ñìåæíîì êëàññå ïî C.

Ïðè èñïîëüçîâàíèè öèêëè÷åñêîãî êîäà ìîæíî ïðèìåíÿòü
âìåñòî ñèíäðîìíîé òàáëèöû äåêîäèðîâàíèÿ ïîëèíîìèàëüíî-
ñèíäðîìíóþ òàáëèöó.
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Ëèäåðû ñìåæíûõ êëàññîâ Ñèíäðîìíûå ìíîãî÷ëåíû
(ìíîãî÷ëåíû îøèáîê)

e1(x) s1(x)
e2(x) s2(x)

Çàìå÷ó, ÷òî ïðè deg e(x) < deg g(x) e(x) = s(x). Â äðó-
ãèõ ñëó÷àÿõ ìîæíî öèêëè÷åñêèì ñäâèãîì "çàãíàòü" îøèáî÷-
íûå ñèìâîëû â ìëàäøèå ðàçðÿäû � öèêëè÷åñêîå ñâîéñòâî ñèí-
äðîìîâ è îøèáîê.

Ïðè íàëè÷èè îøèáêè u∗(x) = u(x) + e(x), ãäå u(x) � êî-
äîâûé ìíîãî÷ëåí, îòïðàâëåííûé â êàíàë ñâÿçè, à e(x) � ìíî-
ãî÷ëåí îøèáêè. Çàìåòèì, ÷òî ñèíäðîì e(x) ðàâåí ñèíäðîìó
u∗(x), ïîñêîëüêó u(x) = m(x)g(x), à çíà÷èò

res
(
u∗(x)/g(x)

)
= res

(
(u(x)+e(x))/g(x)

)
= res

(
e(x)/g(x)

)
=

s(x).
Ïðèìåð 1. Êîä C(7, 3) ïîðîæäàåòñÿ ìíîãî÷ëåíîì g(x) =

x3 + x+ 1. Ïîñòðîèòü òàáëèöó ëèäåðîâ è ñèíäðîìîâ.

Ðåøåíèå Äàííûé êîä èìååò d∗ = 3, èñïðàâëÿåò îäèíî÷íûå
îøèáêè. ei(x) = xi. Ñèíäðîìû îøèáîê si(x) = res

(
ei(x)/g(x)

)
.

ëèäåð ñèíäðîì

1 1
x x
x2 x2

x3 x+ 1
x4 x2 + x
x5 x2 + x+ 1
x6 x2 + 1

Â ñëó÷àå áîëüøîé äëèíû êîäîâîãî ñëîâà è d∗ >> 3 òàá-
ëèöà ñèíäðîìîâ ñòàíîâèòñÿ î÷åíü áîëüøîé, òàêèå êîäû ìîãóò
èñïðàâëÿòü íå òîëüêî îäèíî÷íûå îøèáêè. Ñêàæåì, n = 32 è
íàñ èíòåðåñóþò ñèíäðîìû îäèíî÷íûõ è äâîéíûõ îøèáîê. Îá-
ùåå êîëè÷åñòâî ñèíäðîìíûõ ìíîãî÷ëåíîâ ëåãêî ïîäñ÷èòàòü,
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ýòî 32 + C2
32 = 32 +

32 · 31

2
= 32 + 496 = 528. Öèêëè÷åñêèå

êîäû îáëàäàþò çàìå÷àòåëüíûì ñâîéñòâîì, ïîçâîëÿþùèì îá-
ëåã÷èòü äåêîäèðîâàíèå.

Òåîðåìà 1. Ïóñòü ïðèíÿòî ñëîâî, ñîîòâåòñòâóþùåå ìíî-
ãî÷ëåíó r(x), ñèíäðîì êîòîðîãî res

(
r(x)/g(x)

)
= s(x).

Òîãäà ñèíäðîì xr(x) ðàâåí res
(
xs(x)/g(x).

Äîêàçàòåëüñòâî
Ïî îïðåäåëåíèþ ñèíäðîìíîãî ìíîãî÷ëåíà r(x) = a(x)g(x)+

s(x), deg s(x) < deg g(x). xr(x) = rc(x) + rn−1(x
n − 1). Òîãäà

rc(x) = −rn−1(xn−1)+xr(x) = x
(
a(x)g(x)+s(x)

)
−rn−1(xn−1)

ñ îäíîé ñòîðîíû, è

rc(x) = b(x)g(x) + s∗(x), s∗(x) = res
(
rc(x)/g(x)

)
ñ äðóãîé ñòîðîíû.

Ðàçäåëèì rc(x) íà g(x), ïîëó÷èì

res

x
(
a(x)g(x) + s(x)

)
− rn−1(xn − 1)

g(x)

 = res

(
xs(x)

g(x)

)
.

s∗(x) = res
(
xs(x)/g(x)

)
� ñèíäðîì öèêëè÷åñêè ñäâèíóòîãî

ïðèíÿòîãî ñëîâà. Îñòàòêè îò äåëåíèÿ íà ïîðîæäàþùèé ìíî-
ãî÷ëåí rc(x) è xr(x) ðàâíû, ò.ê. g(x)|(xn − 1). Èòàê, ñèíäðîì
xr(x) ðàâåí res

(
xs(x)/g(x).�

Äîêàçàííîå ñâîéñòâî ïîçâîëÿåò ïðåäëîæèòü òàêóþ ìåòîäè-
êó äåêîäèðîâàíèÿ.

1. Âû÷èñëÿåì ñèíäðîì ïðèíÿòîãî ìíîãî÷ëåíà, åñëè îí íó-
ëåâîé � îøèáêè íåò. Èíà÷å èäåì äàëüøå.

2. Âåñ ñèíäðîìà íå áîëüøå ìàêñèìàëüíîãî ÷èñëà îøèáîê,
wt(s(x)) ≤ t, èñïðàâëÿåìûõ äàííûì êîäîì. s(x) = e(x) �
ñèíäðîì ñîâïàäàåò ñ ìíîãî÷ëåíîì îøèáêè. Èñïðàâëÿåì
îøèáêó.
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3. wt(s(x)) > t. Ïîñëåäîâàòåëüíî íàõîäèì îñòàòêè îò äåëå-
íèÿ si(x) = xis(x), i = 1 . . . n − 1, íà g(x)(ýòî ñèíäðîìû

"ñäâèíóòûõ" ìíîãî÷ëåíîâ), ïîêà íå áóäåò wt
(

res
(
si(x)/g(x)

))
≤

t.

4. Ïîëíàÿ "ïðîêðóòêà" íå ïðèâîäèò ê óêàçàííîìó óñëîâèþ
� îøèáêà íå ìîæåò áûòü èñïðàâëåíà.

Ïðèìåð 2. Êîä C(15, 7) ïîðîæäàåòñÿ ìíîãî÷ëåíîì g(x) =
x8 + x7 + x6 + x4 + 1, d∗ = 5. Äåêîäèðîâàòü ïðèíÿòîå ñëîâî
(011010111010010).

Ðåøåíèå Ïðèíÿòîìó ñëîâó ñîîòâåòñòâóåò ìíîãî÷ëåí
x+ x2 + x4 + x6 + x7 + x8 + x10 + x13.

Íàéäåì ñèíäðîìíûé ìíîãî÷ëåí s(x).
x+ x2 + x4 + x6 + x7 + x8 + x10 + x13 ≡ s(x) (mod x8 + x7 +

x6 + x4 + 1) ⇒ s(x) = x7 + x4 + x2 + 1. Âåñ ñèíäðîìà áîëüøå
2, èñïîëüçóåì ñâîéñòâî öèêëè÷åñêîãî ñäâèãà. Ïîñëåäîâàòåëüíî
íàõîäèì si(x) = xis(x) (mod g(x)), ïîêà âåñ wt(si(x)) ≤ 2.

s1(x) = xs(x) (mod g(x)) = x7+x6+x5+x4+x3+x+1(xs(x) = x8+x5+x3+x).

s2(x) = x2s(x) (mod g(x)) = xS1(x) (mod g(x)) = 1+x+x2+x5.

s3(x) = x3s(x) (mod g(x)) = xs2(x) (mod g(x)) = x+x2+x3+x6.

s4(x) = x4s(x) (mod g(x)) = xs3(x) (mod g(x)) = x2+x3+x4+x7.

s5(x) = x5s(x) (mod g(x)) = xs4(x) (mod g(x)) = 1+x3+x5+x6+x7.

s6(x) = x6s(x) (mod g(x)) = xs5(x) (mod g(x)) = x+ 1.

Ïîñêîëüêó wt(x+ 1) = 2, ýòî ìíîãî÷ëåí äâîéíîé îøèáêè(â
ïåðâîì è âòîðîì ñèìâîëàõ) äëÿ êîäîâîãî ìíîãî÷ëåíà, öèêëè-
÷åñêè ñäâèíóòîãî íà 6 ïîçèöèé îòíîñèòåëüíî èñõîäíîãî. Íàñòî-
ÿùèé ìíîãî÷ëåí îøèáêè áóäåò e(x) = x15−6(x+ 1) = x9 + x10.
Èñïðàâëÿåì ïîëó÷åííûé ìíîãî÷ëåí è ïîëó÷àåì ïîñëàííûé êî-
äîâûé

� Êóðñ "ÄÌ" � �12 ìàÿ 2013 ã. �



Ðè-ÐÒÔ ëåêòîð Êðîõèí À.Ë. Óêàçàíèÿ è çàäà÷è ïî öèêëè÷åñêèì êîäàì

(x+x2+x4+x6+x7+x8+x10+x13)+(x9+x10) = x+x2+x4+x6+x7+x8+x9+x13.

Îñòàëîñü âîññòàíîâèòü ñîîáùåíèå m(x):

m(x) =
x+ x2 + x4 + x6 + x7 + x8 + x9 + x13

g(x)
= x+x2+x4+x5.

Çàäà÷à ðåøåíà, áûëî ïîñëàíî ñîîáùåíèå (0110110).

Ýòî èíòåðåñíî, íî ìîæíî ïðîïóñòèòü

Äëÿ ïîñòðîåíèÿ ïîðîæäàþùåãî ìíîãî÷ëåíà ïîòðåáóåòñÿ ðàç-
ëîæèòü xn − 1 íà íåïðèâîäèìûå ñîìíîæèòåëè íàä îñíîâíûì
ïîëåì GF(q)(ñèìâîëû êîòîðîãî èñïîëüçóþòñÿ ïðè êîäèðîâà-
íèè). Ìåòîäèêà ðàçëîæåíèÿ îñíîâàíà íà òîì ôàêòå, ÷òî êîðíè
ìíîãî÷ëåíà xn− 1 áóäóò èìåòü ðàçëè÷íûå ìèíèìàëüíûå ìíî-
ãî÷ëåíû íàä GF(q). Íàéäÿ âñå ìèíèìàëüíûå ìíîãî÷ëåíû, ìû
è ïîëó÷èì èñêîìîå ðàçëîæåíèå. Êîðíÿìè îäíîãî ìèíèìàëü-
íîãî ìíîãî÷ëåíà (ñîïðÿæåííûìè ýëåìåíòàìè) áóäóò ñòåïåíè
ïðèìèòèâíîãî ýëåìåíòà, ïîêàçàòåëè êîòîðûõ ñîñòàâëÿþò öèê-
ëîòîìè÷åñêèé êëàññ.

Îïðåäåëåíèå. Ìíîæåñòâî öåëûõ ÷èñåë ïî ìîäóëþ pm − 1
îòíîñèòåëüíî îïåðàöèè óìíîæåíèÿ íà p ðàñïàäàåòñÿ íà ïîä-
ìíîæåñòâà, êîòîðûå íàçûâàþòñÿ öèêëîòîìè÷åñêèìè êëàññà-

ìè ïî ìîäóëþ pm − 1.
Öèêëîòîìè÷åñêèé êëàññ , ñîäåðæàùèé s, ñîñòîèò èç ÷è-

ñåë
{s, ps, p2s, p3s, . . . spms−1}, ãäå ms � íàèìåíüøåå ïîëîæè-

òåëüíîå öåëîå ÷èñëî òàêîå, ÷òî pms · s ≡ s (mod pm − 1).

Íàïðèìåð, öèêëîòîìè÷åñêèìè êëàññàìè ïî ìîäóëþ 15 (äëÿ
p = 2, m = 4) ÿâëÿþòñÿ: C0 = {0}; C1 = {1, 2, 4, 8}; C3 =
{3, 6, 12, 9}; C6 = {5, 10}, C7 = {7, 14, 13, 11}.
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Íàøè îáîçíà÷åíèÿ âûáðàíû òàê, ÷òî åñëè s � íàèìåíüøåå
÷èñëî â êëàññå, òî êëàññ îáîçíà÷àåòñÿ ÷åðåç Cs. Èíäåêñû s
íàçûâàþòñÿ ïðåäñòàâèòåëÿìè êëàññîâ ïî ìîäóëþ pm − 1.

Ìèíèìàëüíûå ìíîãî÷ëåíû ñòðîèì ñ èñïîëüçîâàíèåì öèê-
ëîòîìè÷åñêèõ êëàññîâ.
Ïðèìåð 3. Â F16, ýëåìåíòû {α, α2, α4, α8} èìåþò îäèí è

òîò æå ÌÏ: m1(x) = (x − α)(x − α2)(x − α4)(x − α8) = x4 +
(α+α2 +α4 +α8)x3 + (α3 +α5 +α9 +α6 +α10 +α12)x2 + (α7 +
α11 + α13 + α14)x+ 1.

Ïîñêîëüêó ÌÏ ïðèíàäëåæèò F16[x], ïðåîáðàçóåì êîýôôè-
öèåíòû â ñîîòâåòñòâèå ñ òàáëèöàìè Êýëè.

Ci mi(x)

C0 = {0} m0(x) = x+ 1
C1 = {1, 2, 4, 8} m1(x) = x4 + x+ 1
C3 = {3, 6, 9, 12} m3(x) = x4 + x3 + x2 + x+ 1
C5 = {5, 10} m5(x) = x2 + x+ 1
C7 = {7, 11, 13, 14} m7(x) = x4 + x3 + 1

Ñîãëàñíî òåîðåìå Á×Õ öèêëè÷åñêèé êîä, ïîðîæäàþùèé ìíî-
ãî÷ëåí êîòîðîãî, èìååò ñâîèìè êîðíÿìè s ïîñëåäîâàòåëüíûõ
ñòåïåíåé ïðèìèòèâíîãî ýëåìåíòà, èìååò ìèíèìàëüíîå ðàññòî-
ÿíèå íå ìåíåå s + 1. Çíà÷èò ÷èñëî îøèáîê t : 2t + 1 ≥ s + 1.
Òàê ìîæíî îöåíèòü èñïðàâëÿþùèå ñâîéñòâà ïîñòðîåííîãî âà-
ìè êîäà.
Âòîðîé ìåòîä äåêîäèðîâàíèÿ ñîñòîèò â ñëåäóþùåì.
Ïîðîæäàþùèé ìíîãî÷ëåí � äåëèòåëü ëþáîãî êîäîâîãî ìíî-

ãî÷ëåíà, à ëþáîé ìíîãî÷ëåí m(x)g(x) (mod xn − 1) êîäîâûé.
Ïîýòîìó âñå êîðíè ïîðîæäàþùåãî ìíîãî÷ëåíà áóäóò êîðíÿ-
ìè êîäîâîãî. Îáðàòíî, åñëè ìíîãî÷ëåí èç Fq[x]/(xn− 1) áóäåò
èìåòü ñâîèìè êîðíÿìè âñå êîðíè ïîðîæäàþùåãî, òî îí íàöå-
ëî íà íåãî äåëèòñÿ. Ëåâàÿ ÷àñòü óñëîâèÿ îáðàùåíèÿ â íîëü
ìíîãî÷ëåíà ïðè êàæäîì çíà÷åíèè êîðíÿ
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f(αi) = 0⇒ f0+f1αi+f2α
2
i + · · ·+fn−1αn−1

i = 0, i ∈ 1, n− k
(1)

ñîâïàäàåò ñ ðåçóëüòàòîì ìàòðè÷íîãî óìíîæåíèÿH·(f0, f1, . . . , fn−1)T .

H =


1 α1 α2

1 . . . αn−1
1

1 α2 α2
2 . . . αn−1

2

. . . . . . . . . . . . . . . . . . . . . . . .
1 αn−k α2

n−k . . . αn−1
n−k

 (2)

Ðàâåíñòâî (1) îçíà÷àåò òàêæå, ÷òî âåêòîð (f0, f1, . . . , fn−1) ïðè-
íàäëåæèò íóëü-ïðîñòðàíñòâó ìàòðèöû (2).

ÈÄÅß. Âåêòîðíûé ñèíäðîì, êîòîðûé èìååò äëèíó n − k,

äëÿ öèêëè÷åñêèõ êîäîâ ìîæíî çàìåíèòü íà áîëåå ïðîñòîé îáú-
åêò. Ìû âûøå óáåäèëèñü, ÷òî ïðîâåðî÷íûìè ñîîòíîøåíèÿìè
äëÿ ìíîãî÷ëåíà f(x) ìîãóò áûòü ðàâåíñòâà f(α) = 0, ãäå α �
ïðèìèòèâíûé êîðåíü n−îé ñòåïåíè èç åäèíèöû â Fqm. Çàìå-
òèì, êñòàòè, ÷òî ïîðîæäàþùèé ìíîãî÷ëåí äåëèò xn − 1, ïî-
ýòîìó âñå åãî êîðíè ÿâëÿþòñÿ êîðíÿìè èç åäèíèöû.

Ïóñòü ïîðîæäàþùèé ìíîãî÷ëåí áóäåò ìèíèìàëüíûì ìíî-
ãî÷ëåíîì α íàä Fq.

Ìîäåëèðóåì âîçíèêíîâåíèå îøèáêè ïðè ïåðåäà÷å êîäîâîãî
ìíîãî÷ëåíà

u∗(x) = u(x) + e(x).

Ìíîãî÷ëåí îøèáêè ñîäåðæèò íåíóëåâûå êîýôôèöèåíòû òîëü-
êî ïðè òåõ ñòåïåíÿõ, êîòîðûå ñîîòâåòñòâóþò ïîçèöèÿì êîäîâî-
ãî ñëîâà, èñêàæåííûì ïðè ïåðåäà÷å. Ïðè÷åì ñàìî èñêàæåíèå
ñèìâîëà ui → u∗i îïèñûâàåì u∗i = ui + ei.

Ìíîãî÷ëåí îøèáîê

e(x) = e0 + e1x+ e2x
2 + · · ·+ en−1x

n−1 (3)

â èíòåðåñóþùåì íàñ ñëó÷àå, ò. å. êîãäà îøèáêè ìîæíî èñ-
ïðàâèòü ñîäåðæèò 0 ≤ ν ≤ t íåíóëåâûõ êîýôôèöèåíòîâ. Îò-
ðàçèì ýòîò ôàêò â çàïèñè
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e(x) = ei1x
i1 + ei2x

i2 + · · ·+ eiνx
iν (4)

Çíà÷åíèå îøèáêè â i+ 1-îé ïîçèöèè ei ðàâíî åäèíè÷êå äëÿ
áèíàðíîãî ñëó÷àÿ.

Ïóñòü ïîðîæäàþùèé ìíîãî÷ëåí èìååò êîðíè α, α2, . . . α2t.
Çíà÷åíèå ïîëó÷åííîãî ìíîãî÷ëåíà â êîðíå, êàê óæå îòìå÷à-
ëîñü, ðàâíî íóëþ

u ∗ (αl) = e(αl) 6= 0,

ïîëó÷àåì ñèñòåìó óðàâíåíèé

ei1α
l(i1) + ei2α

l(i2) + · · ·+ eiνα
liν = Sl.

Ïðèìåð 4. Ïîñòðîèì öèêëè÷åñêèé áèíàðíûé êîä ñ ïîìî-
ùüþ êîðíÿ íåïðèâîäèìîãî (ïðèìèòèâíîãî) ìíîãî÷ëåíà x4 +
x+ 1 ∈ F2[x]. Ìèíèìàëüíûå ìíîãî÷ëåíû ýëåìåíòîâ α è α3 ïå-
ðåìíîæèì è âîçüìåì ïðîèçâåäåíèå â êà÷åñòâå ïîðîæäàþùåãî
ìíîãî÷ëåíà (ìèíèìàëüíûå ìíîãî÷ëåíû äåëÿò x15 − 1).

Ïîñêîëüêó ïîðîæäàþùèé ìíîãî÷ëåí äåëèò ìíîãî÷ëåí f ∈
F2[x]/(x15 − 1) òèòò, êîãäà f(α) = f(α3) = 0, òî ïðîâåðî÷íóþ
ìàòðèöó ìîæíî âçÿòü â âèäå

H =

(
1 α α2 . . . α14

1 α3 α6 . . . α42

)
.

Êîìïîíåíòû âåêòîðíîãî ñèíäðîìà ìíîãî÷ëåíà v(x) îáîçíà-
÷èì

S1 =
14∑
i=0

viα
i, S3 =

14∑
i=0

viα
3i, vi ∈ F2. (5)

v(x) =
14∑
i=0

vix
i � ìíîãî÷ëåí èç F2[x]/(x15 − 1).

Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ñèíäðîìíîãî ìíîãî÷ëåíà, âå-
ëè÷èíû S1 è S3 ðàâíû çíà÷åíèÿì ïîëó÷åííîãî ìíîãî÷ëåíà ïðè
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x = α è x = α3. Ïðè îòñóòñòâèè îøèáêè ïîëó÷åííûé ìíîãî-
÷ëåí ñîâïàäàåò ñ êîäîâûì è S1 = S3 = 0. Ïðè íàëè÷èè îøèáîê
(5) ðàâíû ñîîòâåòñòâóþùèì çíà÷åíèÿì ìíîãî÷ëåíà îøèáêè.

Ïóñòü òåïåðü ìíîãî÷ëåí äâîéíîé îøèáêè èìååò âèä

e(x) = xi1 + xi2, 0 ≤ i1, i2 ≤ 14, i1 6= i2.

Ñèíäðîìíûå êîìïîíåíòû

S1 = αi1 + αi2, S3 = α3i1 + α3i2

Ñèíäðîì äëÿ α2 íè÷åãî íå äàåò, ïîñêîëüêó e(α2) = e2(α).
Ëîêàòîðû îøèáîê X1 = αi1, X2 = αi2. Ñâÿçü ñèíäðîìîâ è

ëîêàòîðîâ:

S1 = X1+X2, S3 = X3
1+X3

2 ⇒
X3

1 +X3
2

X1 +X2
= X2

1+X1X2+X
2
2 = (X1+X2)

2+X1X2.

Èëè

X1 +X2 = S1

X1 ·X2 =
S3 + S3

1

S1
.

Ïî òåîðåìå Âèåòà ñîñòàâëÿåì êâàäðàòíîå óðàâíåíèå. Ëîêà-
òîðû îøèáîê � êîðíè êâàäðàòíîãî óðàâíåíèÿ

z2 + S1z + (S2
1 + S3S

−1
1 ) = z2 + Λ1z + Λ2 = 0.

Âîçìîæíûå ñëó÷àè:

1. ñèíäðîìû íóëåâûå, çíà÷èò îøèáîê íåò;

2. S1 6= 0, S3 = S3
1 , îäèí êîðåíü íóëåâîé, âòîðîé S1, îäíà

îøèáêà;

3. äâà ðàçëè÷íûå êîðíÿ, äâå îøèáêè;
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4. êîðíåé â ïîëå GF(16) íåò, îøèáîê áîëåå, ÷åì äâå.

Îáû÷íî ðàññìàòðèâàþò óðàâíåíèå äëÿ âåëè÷èí, îáðàòíûõ
ïî îòíîøåíèþ ê ëîêàòîðàì

1 + S1x+ (S2
1 + S3S

−1
1 )x2 = 1 + Λ1x+ Λ2x

2 = 0, z = x−1.

Ïðèìåð 5. (Ëèäë-Íèäåððàéòåð) Ïîëó÷åíî ñëîâî (100111000000000).

Íàéäåì ñèíäðîì (ìíîãî÷ëåí u(x) = 1 + x3 + x4 + x5.)

H(u∗)T = S =

(
S1

S3

)
=

(
1 + α3 + α4 + α5

1 + α9 + α12 + α15.

)
=

(
α2 + α3

1 + α2

)
.

Ó÷òåíî, ÷òî ïðèìèòèâíûé ýëåìåíò óäîâëåòâîðÿåò ñîîòíî-
øåíèþ α4 + α + 1 = 0.

Ìíîãî÷ëåí ëîêàòîðîâ îøèáêè

1 + (α2 + α3)x+
(
(α2 + α3)2 + (1 + α2)(α2 + α3)−1

)
x2 = (6)

= 1 + (α2 + α3)x+
(
1 + α + α3

)
x2 (7)

Êîýôôèöèåíò ïðè x2 ïîñ÷èòàí òàê. Ñíà÷àëà íàõîäèì ýëåìåíò
(α3 + α2)−1.

α4 + α + 1 0 1

α3 + α2 1 0

α2 + α + 1 α + 1 α + 1 1

α α α2 + α + 1

1 α + 1 α3 + α

(α2 + α3)−1 = α + α3.

(α2+α3)2+(1+α2)(α2+α3)−1 = α4(1+α2)+(1+α2)(α+α3) =

= (1+α)(1+α2)+α(1+α2)(1+α2) = 1+α+α2+α3+α(1+α4) =

= 1 + α + α2 + α3 + αα = 1 + α + α3.
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Ðåøåíèå (6) ïîäáîðîì α, α7, à ëîêàòîðû � îáðàòíûå âåëè-
÷èíû, ò. å. X1 = α14, X2 = α8.

Èñïðàâèâ îøèáêè, ïîëó÷àåì êîäîâûé ìíîãî÷ëåí(âåêòîð) u =
(100111001000001). Çàòåì äåëèì íà ïîðîæäàþùèé ìíîãî÷ëåí
è ïîëó÷àåì ñîîáùåíèå u(x)/g(x) = 1+x3+x5+x6 ⇒ (1001011).
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Çàäàíèå ïî öèêëè÷åñêèì êîäàì

1 ÷àñòü (åñëè ñîâñåì íåâìîãîòó � ìîæíî íå äåëàòü, íî
âûïîëíåíèå ñóùåñòâåííî óëó÷øèò âàøó èíòåëëåêòóàëüíóþ

àóðó)

Ïîñòðîèòü öèêëè÷åñêèé êîä (n,k) ïî íîìåðó âàðèàíòà N.
N n,k N n,k N n,k N n,k

1 15,4 6 31,11 11 15,7 16 31,10
2 15,7 7 15,6 12 12,4 17 31,5
3 15,6 8 15,6 13 12,4 18 21,6
4 15,8 9 15,7 14 31,5 19 21,6
5 31,4 10 15,7 15 31,10 20 21,6

• ïîñòðîèòü ïîäõîäÿùèé (ïðè çàäàííûõ n è k) ìíîãî÷ëåí
g(x);

• çàïèñàòü ñîîòâåòñòâóþùèå ìàòðèöû G è H;

• çàïèñàòü ìàòðèöû Gsyst è Hsyst, ñîîòâåòñòâóþùèå ñèñòå-
ìàòè÷åñêîìó âàðèàíòó êîäèðîâàíèÿ (äåëåíèåì);

• îöåíèòü èñïðàâëÿþùèå ñâîéñòâà êîäà, ïîäñ÷èòàòü êîëè-
÷åñòâî ñèíäðîìîâ.

2 ÷àñòü (íàäî äåëàòü âñåì!)

Íèæå âàì ïðåäëàãàþòñÿ ïî îäíîìó ïðèíÿòîìó ñëîâó, çàêî-
äèðîâàííîìó óìíîæåíèåì íà ìíîãî÷ëåí g(x) = (x4 +x3 +x2 +
x+1)∗(x4+x3+1)∗(x2+x+1) = 1+x8+x5+x2+x10+x6+x9

(êîä C(15,5,7) ->(n,k,d)) ïðîâåñòè äåêîäèðîâàíèå äâóìÿ ñïî-
ñîáàìè, êàê îïèñàíî â ðóêîâîäñòâå. Ïîëó÷èòü âåêòîð îøèáêè,
èñïðàâëåííûé âåêòîð êîäà è èñõîäíîå ñîîáùåíèå.
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Âàðèàíò �1

r1 := 1 + x7 + x4 + x2 + x6 + x+ x14 + x15

Âàðèàíò �2

r2 := 1 + x+ x9 + x2 + x7 + x12 + x10

Âàðèàíò �3

r3 := 1 + x7 + x4 + x2 + x6 + x

Âàðèàíò �4

r4 := 1 + x+ x9 + x2 + x13 + x7 + x12 + x11 + x15

Âàðèàíò �5

r5 := 1 + x7 + x4 + x2 + x10 + x6 + x+ x14 + x13 + x8

Âàðèàíò �6

r6 := 1 + x+ x2 + x7 + x12

Âàðèàíò �7

r7 := 1 + x4 + x2 + x10 + x6 + x+ x14 + x13

Âàðèàíò �8

r8 := 1 + x+ x9 + x2 + x7 + x12 + x6

Âàðèàíò �9

r9 := 1 + x7 + x4 + x2 + x6 + x+ x14 + x9

Âàðèàíò �10

r10 := 1 + x+ x9 + x2 + x13 + x7 + x12 + x10 + x8

Âàðèàíò �11

r11 := 1 + x4 + x2 + x6 + x+ x14

Âàðèàíò �12

r12 := 1 + x+ x9 + x2 + x13 + x7 + x12 + x10 + x6

Âàðèàíò �13

r13 := 1 + x7 + x4 + x2 + x6 + x+ x14 + x5

Âàðèàíò �14

r14 := 1 + x+ x9 + x2 + x13 + x7 + x12 + x14 + x8

Âàðèàíò �15
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r15 := 1 + x7 + x4 + x2 + x10 + x6 + x+ x9

Âàðèàíò �16

r16 := 1 + x+ x9 + x2 + x13 + x12 + x14

Âàðèàíò �17

r17 := 1 + x7 + x4 + x2 + x6 + x+ x14 + x8

Âàðèàíò �18

r18 := 1 + x+ x9 + x2 + x13 + x7 + x12 + x5 + x8

Âàðèàíò �19

r19 := 1 + x7 + x4 + x2 + x10 + x6 + x+ x3

Âàðèàíò �20

r20 := 1 + x+ x9 + x2 + x7 + x12 + x3
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Ðàçëîæåíèÿ íà íåïðèâîäèìûå ñîìíîæèòåëè

> Factor(x^8-1) mod 3;

(x2 + 1) (x+ 1) (x2 + x+ 2) (x+ 2) (x2 + 2x+ 2)

> Factor(x^(15)+1) mod 2;

(x4 + x+ 1) (x+ 1) (x4 + x3 + 1) (x4 + x3 + x2 + x+ 1) (x2 + x+ 1)

> Factor(x^(12)+1) mod 2;

(x+ 1)4 (x2 + x+ 1)4

> Factor(x^(21)-1) mod 2;

(x6+x5+x4+x2+1) (x3+x+1) (x+1) (x3+x2+1) (x6+x4+x2+x+1) (x2+x+1)

> Factor(x^(256)+x) mod 2;

(x8 + x4 + x3 + x2 + 1) (x8 + x7 + x6 + x+ 1) (x4 + x+ 1) (x8 + x7 + x6 + x3 + x2 + x+ 1)

(x8 + x5 + x3 + x2 + 1) (x+ 1) (x8 + x7 + x6 + x5 + x4 + x2 + 1) (x8 + x7 + x5 + x4 + 1)

(x4 + x3 + 1) (x8 + x5 + x3 + x+ 1) (x8 + x7 + x2 + x+ 1)

(x8 + x6 + x5 + x4 + x3 + x+ 1) (x8 + x7 + x5 + x3 + 1) (x8 + x7 + x6 + x5 + x2 + x+ 1)

(x8 + x6 + x5 + x4 + 1) (x8 + x6 + x5 + x3 + 1) (x8 + x7 + x6 + x4 + x2 + x+ 1)

(x8 + x4 + x3 + x+ 1) (x4 + x3 + x2 + x+ 1) (x8 + x5 + x4 + x3 + 1)

(x8 + x6 + x5 + x4 + x2 + x+ 1)x (x8 + x7 + x6 + x5 + x4 + x+ 1)

(x8 + x7 + x6 + x4 + x3 + x2 + 1) (x8 + x5 + x4 + x3 + x2 + x+ 1)

(x8 + x7 + x6 + x5 + x4 + x3 + 1) (x8 + x6 + x4 + x3 + x2 + x+ 1) (x2 + x+ 1)

(x8 + x7 + x4 + x3 + x2 + x+ 1) (x8 + x7 + x5 + x+ 1) (x8 + x7 + x3 + x+ 1)

(x8 + x7 + x5 + x4 + x3 + x2 + 1) (x8 + x6 + x5 + x2 + 1) (x8 + x6 + x5 + x+ 1)

(x8 + x7 + x3 + x2 + 1) (x8 + x6 + x3 + x2 + 1)

> Factor(x^(8)+x) mod 2;

(x3 + x+ 1) (x+ 1) (x3 + x2 + 1)x

> Factor(x^(16)+x) mod 2;
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(x4 + x+ 1) (x+ 1) (x4 + x3 + 1) (x4 + x3 + x2 + x+ 1)x (x2 + x+ 1)

> Factor(x^(32)+x) mod 2;

(x5 + x4 + x3 + x+ 1) (x+ 1) (x5 + x3 + x2 + x+ 1) (x5 + x2 + 1)x (x5 + x3 + 1)

(x5 + x4 + x2 + x+ 1) (x5 + x4 + x3 + x2 + 1)
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2. äîïîëíåíèÿ (äåêàáðü 2008) äëÿ ìàíóàëà ê âû-
ïîëíåíèþ ÈÄÇ ïî öèêëè÷åñêèì êîäàì (À.Ë.Êðîõèí)

Â äàííîì äîêóìåíòå áîëåå ïîäðîáíî ïðîïèñàíû äâå âîçìîæíûõ
"ðó÷íûõ" ìåòîäèê ðåøåíèÿ óðàâíåíèÿ äëÿ ëîêàòîðîâ. Ïåðåáîð
îáëåã÷àåòñÿ ðåêóððåíòíîé ïðîöåäóðîé ×åíÿ (21) èëè âû÷èñëå-
íèåì çíà÷åíèé ìíîãî÷ëåíà ïî ñõåìå Ãîðíåðà (16) a0+x(a1+x(a2+
xa3))). Âàø ëåêòîð áóäåò áëàãîäàðåí çà âîïðîñû èëè ñîîáùåíèÿ
î êàêèõ-ëèáî îøèáêàõ! (alkrochinGAVyandex.ru)

Ðàñøèðåíèå ñ ïîìîùüþ íåïðèâîäèìîãî ìíîãî÷ëåíà f(x).

Ìíîæåñòâî êëàññîâ âû÷åòîâ ïî ìîäóëþ ïðîèçâîëüíîãî ìíîãî÷ëåíà
îáðàçóåò êîëüöî. [a(x)] + [b(x)] = [a(x) + b(x)], ïîñêîëüêó ñòåïåíü ìíî-
ãî÷ëåíà íå ïîâûøàåòñÿ. [a(x)] ∗ [b(x)] = res(a(x)b(x)/f(x)), åñëè ñòåïåíü
ïðîèçâåäåíèÿ ñòàíîâèòñÿ ðàâíîé èëè áîëüøåé ñòåïåíè ìîäóëÿ, íàõîäèì
îñòàòîê. Ïóñòü ìíîãî÷ëåí ïðèâîäèì, ò. å. f(x) = f1(x)f2(x), deg fi(x) <
deg f(x). Òîãäà â îáîçíà÷åíèÿõ êëàññîâ âû÷åòîâ [f(x)] = [0] = [f1(x)] ∗
[f2(x)]. Â ïîëå íå ìîæåò áûòü äåëèòåëåé íóëÿ! Åñëè æå ìíîãî÷ëåí-ìîäóëü
íåïðèâîäèì, òî äåëèòåëåé íóëÿ íåò. ÍÎÄ (f(x), r(x)) = 1 äëÿ ëþáîãî
ìíîãî÷ëåíà-îñòàòêà. È òîãäà ñóùåñòâîâàíèå ìóëüòèïëèêàòèâíîãî îáðàò-
íîãî ýëåìåíòà ñëåäóåò èç ðàñøèðåííîãî àëãîðèòìà Åâêëèäà.

Îïèñàíèå ïîëÿ GF(24) = GF(2)[x]/f(x), f(x) = x4 + x3 + 1.

Ìîæíî èñïîëüçîâàòü íåñêîëüêî ñïîñîáîâ ïðåäñòàâëåíèÿ ýòîãî ïîëÿ:
à) ìíîæåñòâî ìíîãî÷ëåíîâ-îñòàòêîâ; á) ðàñøèðåíèå ïîëÿ GF(2) ïðè ïî-
ìîùè ïðèìèòèâíîãî ýëåìåíòà α, ìèíèìàëüíûì ìíîãî÷ëåíîì êîòîðîãî
ÿâëÿåòñÿ ìíîãî÷ëåí x4 + x3 + 1. Ïîñêîëüêó ñòåïåíè ïðèìèòèâíîãî ýëå-
ìåíòà, íà÷èíàÿ ñ ÷åòâåðòîé âûðàæàþòñÿ â âèäå ëèíåéíûõ êîìáèíàöèé
ýëåìåíòîâ {1, α, α2, α3}, òî ïîëå GF(24) ìîæíî åùå ðàññìàòðèâàòü êàê
ëèíåéíîå ïðîñòðàíñòâî íàä ïîëåì GF(2). Èòàê, êàæäûé ýëåìåíò GF(24)
ìîæíî çàïèñûâàòü â âèäå ñòåïåíè ïðèìèòèâíîãî ýëåìåíòà, ÷òî óäîáíî
äëÿ âûïîëíåíèÿ óìíîæåíèÿ, èëè â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ
ýëåìåíòîâ {1, α, α2, α3}. Êîýôôèöèåíòû ëèíåéíûõ êîìáèíàöèé ìîæíî
èíòåðïðåòèðîâàòü äâîè÷íûìè ÷åòûðåõðàçðÿäíûìè ÷èñëàìè (øåñòíàäöà-
òèòè÷íûìè) èëè äàæå ñîîòâåòñòâóþùèìè äåñÿòè÷íûìè.

Âòîðîé ïðèìèòèâíûé ìíîãî÷ëåí ÷åòâåðòîé ñòåïåíè � x4+x+1. Ìîæ-
íî èñïîëüçîâàòü åãî êîðåíü ïðè ïîñòðîåíèè ïîëÿ GF(24), ÷òî è äåëàþò
íåêîòîðûå àâòîðû. Îäíàêî, ñîîòâåòñòâèå ìåæäó ñòåïåíÿìè ïðèìèòèâíî-
ãî ìíîãî÷ëåíà è ëèíåéíûìè êîìáèíàöèÿìè áóäåò äðóãîå! Åùå áîëüøå
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ïðîèçâîëà â çàïèñè äâîè÷íûõ(è äåñÿòè÷íûõ) ïðåäñòàâëåíèé � â ïðåä-
ñòàâëåííîé òàáëèöå êîýôôèöèåíòû ïðè ìëàäøèõ ñòåïåíÿõ ñòîÿò â êà-
÷åñòâå ìëàäøèõ äâîè÷íûõ ðàçðÿäîâ. Ïðè ýòîì ïîëó÷àåòñÿ áîëåå "åñòå-
ñòâåííî" � α = 2, α2 = 4, α3 = 8.

Ïðèìèòèâíûé ìíîãî÷ëåí x4 + x3 + 1
0 0000 0 0
1 0001 α0 1
2 0010 α1 α
4 0100 α2 α2

8 1000 α3 α3

9 1001 α4 α3 + 1,
11 1011 α5 α3 + α + 1,
15 1111 α6 α3 + α2 + α + 1,
7 0111 α7 α2 + α + 1,
14 1110 α8 α3 + α2 + α,
5 0101 α9 α2 + 1,
10 1010 α10 α3 + α,
13 1101 α11 α3 + α2 + 1,
3 0011 α12 α + 1,
6 0110 α13 α2 + α,
12 1100 α14 α3 + α2

Ïðèìèòèâíûé ìíîãî÷ëåí x4 + x+ 1
0 0000 0 0
1 0001 α0 1
2 0010 α1 α
4 0100 α2 α2

8 1000 α3 α3

3 0011 α4 1 + α,
6 0110 α5 α + α2,
12 1100 α6 α2 + α3,
11 1011 α7 1 + α + α3,
5 0101 α8 1 + α2,
10 1010 α9 α + α3,
7 0111 α10 1 + α + α2,
14 1110 α11 α + α2 + α3,
15 1111 α12 1 + α + α2 + α3,
13 1101 α13 1 + α2 + α3,
9 1001 α14 1 + α3

Ëîêàòîðû îøèáîê X1 = αi1 , X2 = αi2 . Ñâÿçü ñèíäðîìîâ è ëîêàòîðîâ:

S1 = X1+X2, S3 = X3
1+X3

2 ⇒
X3

1 +X3
2

X1 +X2

= X2
1+X1X2+X

2
2 = (X1+X2)

2+X1X2.

Èëè

X1 +X2 = S1

X1 ·X2 =
S3 + S3

1

S1

.

Ïî òåîðåìå Âèåòà ëîêàòîðû îøèáîê � êîðíè êâàäðàòíîãî óðàâíåíèÿ

z2 + Λ1z + Λ2.

Âîçìîæíûå ñëó÷àè:

1. ñèíäðîìû íóëåâûå, çíà÷èò îøèáîê íåò;
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2. S1 6= 0, S3 = S3
1 , îäèí êîðåíü íóëåâîé, âòîðîé S1, îäíà îøèáêà;

3. äâà ðàçëè÷íûå êîðíÿ, äâå îøèáêè;

4. êîðíåé â ïîëå GF(16) íåò, îøèáîê áîëåå, ÷åì äâå.

��������������������������
Â ýòîì ïðèìåðå èñïîëüçîâàòü âòîðóþ òàáëèöó, ò.å. α4 + α + 1 = 0.
Ïðèìåð 6. Ïîëó÷åíî ñëîâî (100111000000000).

Íàéäåì ñèíäðîì

H(u∗)T = S =

(
S1

S3

)
=

(
1 + α3 + α4 + α5

1 + α9 + α12 + α15.

)
=

(
α2 + α3

1 + α2

)
.

Ó÷òåíî, ÷òî ïðèìèòèâíûé ýëåìåíò óäîâëåòâîðÿåò ñîîòíîøåíèþ α4 +
α + 1 = 0.

Ìíîãî÷ëåí ëîêàòîðîâ îøèáêè

1 + (α2 + α3)x+
(
(α2 + α3)2 + (1 + α2)(α2 + α3)−1

)
x2 =

= 1 + (α2 + α3)x+
(
1 + α + α3

)
x2

Ðåøåíèå ïîëó÷àåì ïåðåáîðîì, èñïîëüçóÿ àëãîðèòì ×åíÿ (21),

i γ0,i γ1,i γ2,i γ0,i + γ1,i + γ2,i
0 1 α6 α7

1 1 α6 · α α9 · α2 0
2 1 α7 · α α11 · α2 α + 1
3 1 α8 · α α13 · α2 α + α2

4 1 α9 · α α0 · α2 1 + α + α2

5 1 α10 · α α2 · α2 1 + α + α3

6 1 α11 · α α4 · α2 1 + α2 + α3

7 1 α12·α α6 · α2 0

{α, α7}, à ëîêàòîðû îøèáîê ðàâíû îáðàòíûì âåëè÷èíàì, ò. å. X1 =
α14, X2 = α8.

Ìîæíî è èíà÷å. Ðåøàåì ïåðåáîðîì ïî ñõåìå Ãîðíåðà:

αi α7αi () + α2 + α3 () · αi () + 1 =?

α α8 1 + α2 + α2 + α3 α + α4 α + α4 + 1 0
α2 α9 α + α3 + α2 + α3 α + α2

α3 α10

α7 α14 1 + α2 + α2 + α3 α7 + α9 1 + α + α3 + |al + α3 + 1 = 0
(8)
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Èñïðàâèâ îøèáêè, ïîëó÷àåì êîäîâûé ìíîãî÷ëåí(âåêòîð) u = (100111001000001).
Çàòåì äåëèì íà ïîðîæäàþùèé ìíîãî÷ëåí è ïîëó÷àåì ñîîáùåíèå u(x)/g(x) =
1 + x3 + x5 + x6 ⇒ (1001011).

Ïðèìåð. Ðàññìîòðèì Á×Õ-êîä ñ êîíñòðóêòèâíûì ðàññòîÿíèåì d =
5, êîòîðûé ìîæåò èñïðàâëÿòü ëþáóþ îäèíî÷íóþ è äâîéíóþ îøèáêó. Â
ýòîì ñëó÷àå ïîëîæèì b = 1, n = 15, q = 2. Åñëè ÷åðåç mi(x) îáîçíà÷èòü
ìèíèìàëüíûé ìíîãî÷ëåí íàä ïîëåì F2 ýëåìåíòà αi, ãäå ïðèìèòèâíûé
ýëåìåíò α ∈ F16 ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà x4 + x+ 1, òî

m1(x) = n2(x) = m4(x) = m8(x) = 1 + x+ x4,

m3(x) = m6(x) = m12(x) = m9(x) = 1 = x+ x2 + x3 + x4.

Òàêîì îáðàçîì, ïîðîæäàþùèé ìíîãî÷ëåí ðàññìàòðèâàåìîãî Á×Õ-
êîäà èìååò âèä

g(x) = m1(x) ·m3(x) = 1 + x4 + x6 + x7 + x8.

Óðàâíåíèå äëÿ ëîêàòîðîâ

s(x) = 1 + x+ αx2.

Ðåøàåì ïî ñõåìå Ãîðíåðà ïåðåáîðîì

αi ααi (ααi)︸ ︷︷ ︸+1 (1 + ααi)︸ ︷︷ ︸ ·α () + 1 =?

α α2 1 + α2 α2 + α4 α2 + 1 + α + 1 α
α2 α3 1 + α3 α5 + α2 1 + α2 + α + α2 = 1 + α
α3 α4 1 + α4 α4 1 + α + 1 α
α4 α5 1 + α5 α4 + α9 1 + α + α + α3 = 1 + α3

α5 α6 1 + α6 α5 + α11 1 + α + α2 + α + α2 + α3 = 1 + α3

α6 α7 1 + α7 α6 + α13 1 + α2 + α3 + 1 + α2 + α3 = 0
α7 α8 1 + α8 α7 + 1 1 + 1 + 1 + α + α3 = 1 + α + α3

α8 α9 1 + α9 α8 + α2 1 + α2 + 1 + α2 = 0
(9)

η−1
1 = α8, η−1

2 = α6 ⇒ η1 = α7, η2 = α9. Èñïðàâëÿåì îøèáêè w(x) =
v(x)− e(x) = 1 + x3 + x6 + x7 + x12 + x7 + x9 = 1 + x3 + x6 + x12 + x9. Äëÿ
íàõîæäåíèÿ ñîîáùåíèÿ äåëèì íà ïîðîæäàþùèé ìíîãî÷ëåí. Ðåçóëüòàò
1 + x3 + x4.

Ïðèìåð 7. (Áëåéõóò ñòð. 200) Á×Õ-êîä (15,5), èñïðàâëÿþùèé òðè
îøèáêè ñ ïîðîæäàþùèì ìíîãî÷ëåíîì g(x) = 1+x+x2+x4+x5+x8+x10.
Ìíîãî÷ëåí îøèáêè e(x) = x7+x2. Âûïîëíèòü äåêîäèðîâàíèå (õîòÿ îòâåò
è èçâåñòåí!!).
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Ðåøåíèå Âû÷èñëèì êîìïîíåíòû ñèíäðîìà, èñïîëüçóÿ àðèôìåòèêó
â ïîëå GF(16):

S1 = α7 + α2 = α12 (10)

S2 = α14 + α4 = α9 (11)

S3 = α21 + α6 = 0 (12)

S4 = α28 + α8 = α3 (13)

S5 = α35 + α10 = α0 (14)

S6 = α42 + α12 = 0 (15)

Ðàáîòàåì ïî àëãîðèòìó Ïåòåðñîíà è äð.
Ïóñòü ν = 3, òîãäà

M =

∣∣∣∣∣∣
S1 S2 S3

S2 S2 S4

S3 S4 S5

∣∣∣∣∣∣ =

∣∣∣∣∣∣
α12 α6 0
α9 0 α3

0 α3 α0

∣∣∣∣∣∣ , det(M) = 0.

Îøèáîê íå òðè, ïóñòü ν = 2.

M =

(
S1 S2

S2 S3

)
=

(
α12 α9

α9 0

)
, det(M) = −α18 = α3.

Îøèáîê äâå. (
Λ2

Λ1

)
=

(
0 α6

α6 α3

)(
α9

α12

)
.

Ìíîãî÷ëåí áóäåò Λ(z) = α9z2 + α12z + 1. Ðåøàåì ïî ñõåìå Ãîðíåðà
ïåðåáîðîì

αi α7αi () + α2 + α3 () · αi () + 1 =?
α α8 1 + α2 + α2 + α3 α + α4 α + α4 + 1 0
α2 α9 α + α3 + α2 + α3 α + α2

α3 α10

α7 α14 1 + α2 + α2 + α3 α7 + α9 1 + α + α3 + α + α3 + 1 = 0
(16)

(α7z + 1)(α2z + 1) = α9(z + α8)(z + α13).

Ðåøåíèÿ {α8, α13}, íàõîäèì îáðàòíûå ýëåìåíòû � ëîêàòîðû îøèáîê.
e(x) = x2 + x7.

Ðåøåíèå, èñïîëüçóÿ àëãîðèòì ×åíÿ (21).
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i γ0,i γ1,i γ2,i γ0,i + γ1,i + γ2,i =?
0 1 α12 α9 1 + α12 + α9 = α2

1 1 α12 · α α9 · α2 61 + 61 + 6α2 + 6α3 + α + 6α2 + 6α3 = α
2 1 α13 · α α11 · α2 61 + 61 + 6α3 + α2 + 1 + 6α3 = 1 + α2

3 1 α14 · α α13 · α2 61 + 61 + 1 = 1
4 1 α0 · α α0 · α2 1 + α + α2 = α10

5 1 α1 · α α2 · α2 61 + α + 61 + α2 = α + α2

6 1 α2 · α α4 · α2 1 + α2 + 6α3 + 6α3 = 1 + α2

7 1 α3·α α6 · α2 61 + 61 + α + 1 + α2 1 + α + α2

8 1 α4 · α α8 · α2 61 + 61 + 6α2 + 6α + 6α2 + 6α = 0
9 1 α5 · α α10 · α2 1 + α2 + α3 + 1 + α + α2 + α3 = α
10 1 α6 · α α12 · α2 61 + 6α3 + 61 + α + 1 + 6α2 + 6α2 + 6α3 = 1 + α
11 1 α7 · α α14 · α2 61 + 61 + α + α2 = α + α2

12 1 α8 · α α1 · α2 1 + α + 6α3 + 6α3 = 1 + α
13 1 α9 · α α3 · α2 61 + 61 + 6α + 6α2 + 6α + 6α2 = 0

Êîðíè óðàâíåíèÿ {α13, α8}, à ëîêàòîðû îøèáîê ðàâíû îáðàòíûì âåëè-
÷èíàì, ò. å. X1 = α2, X2 = α7.

Ïðîöåäóðà ×åíÿ (R.T.Chien, "Cyclic Decoding Procedure for the
Bose-Chaudhuri-Hocquenghem Codes,IEEE Transactions on Information

Theory, Vol. IT-10, pp.357-363,October 1964.")

Òðåáóåòñÿ íàéòè êîðíè ïîëèíîìà (íàä êîíå÷íûì ïîëåì GF(q))

Λ(x) = λ0 + λ1x+ λ2x
2 + . . . λtx

t.

Â êîíå÷íîì ïîëå íåáîëüøîãî ïîðÿäêà ýòî ìîæíî ñäåëàòü ïðîñòûì
ïåðåáîðîì, íî åñòü âîçìîæíîñòü óñêîðèòü âû÷èñëåíèÿ. Êàæäûé íåíóëå-
âîé ýëåìåíò ïîëÿ GF(q) âûðàæàåòñÿ íåêîòîðîé ñòåïåíüþ ïðèìèòèâíîãî
ýëåìåíòà αi, 0 ≤ i ≤ N − 1.

Âû÷èñëÿåì çíà÷åíèÿ ìíîãî÷ëåíà Λ(x) äëÿ äâóõ ïîñëåäîâàòåëüíûõ
ñòåïåíåé α

ðàçíûå ñïîñîáû çàïèñè

Λ(αi) = λ0 + λ1(α
i) + λ2(α

i)2 + . . . λt(α
i)t (17)

, γ0,i + γ1,i + γ2,i · · ·+ γt,i. (18)

Λ(αi) = λ0 + λ1(α
i) + λ2(α

i)2 + . . . λt(α
i)t (19)

γ0,i + γ1,i + γ2,i · · ·+ γt,i. (20)
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Ðè-ÐÒÔ ëåêòîð Êðîõèí À.Ë. Óêàçàíèÿ è çàäà÷è ïî öèêëè÷åñêèì êîäàì

Λ(αi+1) = λ0 + λ1(α
i+1) + λ2(α

i+1)2 + . . . λt(α
i+1)t

= λ0 + λ1(α
i)α + λ2(α

i)2α2 + . . . λt(α
i)tαt

= γ0,i + γ1,iα + γ2,iα
2 · · ·+ γt,iα

t

, γ0,i+1 + γ1,i+1 + γ2,i+1 · · ·+ γt,i+1.

Çàìå÷àåì, ÷òî âû÷èñëåíèÿ ìîæíî ïðîâåñòè, èñïîëüçóÿ ðåêóððåíòíîå
ñîîòíîøåíèå

γj,i+1 = γj,iα
j, γj,0 = λj (21)

γj,0 = λj, γj,1 = λjα
j, γj,2 = γj,1α

j.

� Êóðñ "ÄÌ" � �12 ìàÿ 2013 ã. �


