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1. Ïîñòàíîâêà çàäà÷è I


f1(x1, x2, . . . , xn) = 0
f2(x1, x2, . . . , xn) = 0

...
fn(x1, x2, . . . , xn) = 0

(1)

Çäåñü fi (·) � âåùåñòâåííîçíà÷íûå íåëèíåéíûå ôóíêöèè îò n âåùåñòâåííûõ
ïåðåìåííûõ x1, x2, . . . , xn.
Îáîçíà÷èì:

x =


x1
x2
...
xn

 ;

F (x) =


f1(x)
f2(x)
...

fn(x)

 ;
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1. Ïîñòàíîâêà çàäà÷è II

0 =


0
0
...
0

 .

Ñèñòåìà íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑÍÓ) â âåêòîðíî-ìàòðè÷íîì
âèäå:

F (x) = 0

Ïðåäïîëîæèì, ÷òî ÑÍÓ (1) ìîæåò áûòü ïðåîáðàçîâàíà:
x1 = ϕ1(x1, x2, . . . , xn) = ϕ1(x)
x2 = ϕ2(x1, x2, . . . , xn) = ϕ2(x)

...
xn = ϕn(x1, x2, . . . , xn) = ϕn(x)

(2)

Â âåêòîðíî-ìàòðè÷íîì âèäå � çàäà÷à î íåïîäâèæíîé òî÷êå îòîáðàæåíèÿ:

x = Φ(x)
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1. Ïîñòàíîâêà çàäà÷è III

Ìåòîä ïðîñòûõ èòåðàöèé (ÌÏÈ) (ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé):

x (k+1) = Φ(x (k)), k = 0, 1, 2, . . .

Â ðàçâåðíóòîì âèäå: 
x
(k+1)
1 = ϕ1(x

(k)
1 , x

(k)
2 , . . . , x

(k)
n )

x
(k+1)
2 = ϕ2(x

(k)
1 , x

(k)
2 , . . . , x

(k)
n )

...

x
(k+1)
n = ϕn(x

(k)
1 , x

(k)
2 , . . . , x

(k)
n )

(3)

Ìåòîä ïîêîîðäèíàòíûõ èòåðàöèé:
x
(k+1)
1 = ϕ1(x

(k)
1 , x

(k)
2 , . . . , x

(k)
n−1, x

(k)
n )

x
(k+1)
2 = ϕ2(x

(k+1)
1 , x

(k)
2 , . . . , x

(k)
n−1, x

(k)
n )

...

x
(k+1)
n = ϕn(x

(k+1)
1 , x

(k+1)
2 , . . . , x

(k+1)
n−1 , x

(k)
n )

(4)

4/24



1. Ïîñòàíîâêà çàäà÷è IV

Ïðèâåäåíèå ÑÍÓ èç ôîðìû (1)) â ôîðìó (2)):

F (x) = 0;

AF (x) = 0; A ∈ Rn×n, det(A) 6= 0;

x + AF (x) = x ;

x = x − AF (x) (5)

Ñðàâíèâàÿ ñ (2):

Φ(x) = x − AF (x)

Çàäà÷à: âûáðàòü A, ÷òîáû èòåðàöèîííûé ïðîöåññ ñõîäèëñÿ.
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2. Ìåòîä Íüþòîíà I

Ïóñòü {Ak} � ïîñëåäîâàòåëüíîñòü íåâûðîæäåííûõ âåùåñòâåííûõ ìàòðèö ðàçìåðà
n × n.
Ïîñëåäîâàòåëüíîñòü çàäà÷

x = x − AkF (x), k = 0, 1, . . .

èìååò òå æå ðåøåíèÿ, ÷òî è (5).
Èòåðàöèîííûé ïðîöåññ

x (k+1) = x (k) − AkF (x (k)), k = 0, 1, . . . (6)

Åñëè Ak ≡ A � ìåòîä ???
Åñëè Ak ðàçëè÷íû ïðè ðàçíûõ k , ôîðìóëà (7) îïðåäåëÿåò áîëüøîå ñåìåéñòâî
èòåðàöèîííûõ ìåòîäîâ.
Ïóñòü

Ak = [F ′(x (k))]−1,
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2. Ìåòîä Íüþòîíà II

ãäå F ′(x (k))) � ìàòðèöà ßêîáè:

F ′(x) = J(x) =



∂f1
∂x1

∂f1
∂x2

. . .
∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . .
∂f2
∂xn

...
∂fn
∂x1

∂fn
∂x2

. . .
∂fn
∂xn


Ïðèìåð.

F (x1, x2) =

[
ex1 · sin x2(
x21 + 2x2

)2]
J(x) =

ßâíàÿ ôîðìóëà ìåòîäà Íüþòîíà, îáîáùàþùåãî íà ìíîãîìåðíûé ñëó÷àé
ñêàëÿðíûé ìåòîä Íüþòîíà:

x (k+1) = x (k) − [F ′(x (k))]−1F (x (k)) (7)
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2. Ìåòîä Íüþòîíà III

Äðóãàÿ ôîðìà:

[F ′(x (k))]
(
x (k+1) − x (k)

)
= −F (x (k)).

Ðåøàåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

[F ′(x (k))]p(k) = −F (x (k))

îòíîñèòåëüíî âåêòîðà ïîïðàâêè p(k) è äàëåå

x (k+1) = x (k) + p(k).

Òî æå ñàìîå ïîëó÷èòñÿ, åñëè ðàçëîæèòü F (x) â ðÿä Òåéëîðà:

F (x (k+1)) = F (x (k)) + [F ′(x (k))](x (k+1) − x (k)) + . . .

Òàêèì îáðàçîì, ìåòîä Íüþòîíà � ìåòîä ïîøàãîâîé ëèíåàðèçàöèè.
Ñ ðîñòîì n íà êàæäîé èòåðàöèè âû÷èñëèòåëüíûå çàòðàòû ðàñòóò
íåïðîïîðöèîíàëüíî áûñòðî. Óìåíüøåíèå ýòèõ çàòðàò � ãëàâíîå íàïðàâëåíèå
ìîäèôèêàöèè ìåòîäà Íüþòîíà.
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2. Ìåòîä Íüþòîíà IV

Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà: ìàòðèöà ßêîáè âû÷èñëÿåòñÿ è îáðàùàåòñÿ
îäèí ðàç � â íà÷àëüíîé òî÷êå x (0):

x (k+1) = x (k) − [F ′(x (0))]−1F (x (k)),

íî ïðèâîäèò ê çíà÷èòåëüíîìó ðîñòó êîëè÷åñòâà èòåðàöèé.
ÑÍÓ îáùåãî âèäà (âîçìîæíî, m 6= n):

f1(x1, x2, . . . , xn) = 0
f2(x1, x2, . . . , xn) = 0

...
fm(x1, x2, . . . , xn) = 0

(8)

Âìåñòî (7) � ìåòîä Íüþòîíà ñ ïñåâäîîáðàùåíèåì äëÿ ðåøåíèÿ ÑÍÓ:

x (k+1) = x (k) − [F ′(x (k))]+F (x (k)), (9)

ãäå [F ′(x (k))]+ � ïñåâäîîáðàòíàÿ ìàòðèöà ê ìàòðèöå ßêîáè.
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2. Ìåòîä Íüþòîíà V

Óñëîâèÿ Ìóðà-Ïåíðîóçà:
AA+A = A;

A+AA+ = A+;
(AA+)T = AA+;
(A+A)T = A+A.

Ñâîéñòâà A+:

1 ñóùåñòâóåò äëÿ ëþáîé ìàòðèöû;

2 åäèíñòâåííà;

3 äëÿ êâàäðàòíîé íåâûðîæäåííîé ìàòðèöû A+ = A−1;

4 åñëè A � ìàòðèöà ïîëíîãî ñòîëáöîâîãî ðàíãà, òî

A+ = (ATA)−1AT
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1. Ïîñòàíîâêà çàäà÷è I

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ):
a11x1 + a12x2 + . . . + a1nxn = b1
a21x1 + a22x2 + . . . + a2nxn = b2

...
am1x1 + am2x2 + . . . + amnxn = bm

(10)

Â âåêòîðíî-ìàòðè÷íîì âèäå:
Ax = b

Âûäåëÿþò âèäû ÑËÀÓ:

m = n � ???

m > n � ???

m < n � ???

2 êëàññà ìåòîäîâ ðåøåíèÿ ÑËÀÓ: ïðÿìûå è èòåðàöèîííûå. Ïðÿìûå ðåøàþò
çàäà÷ó çà êîíå÷íîå ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé. Èòåðàöèîííûå ìåòîäû
íàõîäÿò ðåøåíèå â ðåçóëüòàòå áåñêîíå÷íîãî ïîâòîðåíèÿ åäèíîîáðàçíûõ äåéñòâèé.
Ýôôåêòèâíîñòü ìåòîäîâ ðåøåíèÿ ÑËÀÓ çàâèñèò îò ñòðóêòóðû è ñâîéñòâ ìàòðèöû
A: ðàçìåðà, îáóñëîâëåííîñòè, ñèììåòðè÷íîñòè, çàïîëíåííîñòè è äð.
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2. Ìåòîä Ãàóññà I

Íàèáîëåå ïîïóëÿðíûé ìåòîä ðåøåíèÿ ÑËÀÓ � ìåòîä Ãàóññà.
Ïðÿìîé õîä ïðåäíàçíà÷åí äëÿ ïðèâåäåíèÿ ìàòðèöû ê òðåóãîëüíîìó (òî÷íåå,
òðàïåöèåâèäíîìó) âèäó ïóò¼ì èñêëþ÷åíèÿ x1 èç 2-ãî, 3-ãî è ò.ä. óðàâíåíèé, çàòåì
x2 èç 3-ãî, 4-ãî è ò.ä.:

a11x1 + a12x2 + a13x3 + . . . + a1nxn = b1
a
(2)
22 x2 + a

(2)
23 x3 + . . . + a

(2)
2n xn = b

(2)
2

a
(3)
33 x3 + . . . + a

(3)
3n xn = b

(3)
3

...

ãäå

a
(k)
ij = a

(k−1)
ij −

a
(k−1)
ik

a
(k−1)
kk

· a(k−1)kj ;

b
(k)
i = b

(k−1)
i −

a
(k−1)
ik

a
(k−1)
kk

· b(k−1)k

k = 1, 2, . . . , n − 1; i , j = k + 1, . . . , n.
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2. Ìåòîä Ãàóññà II

Ïî îïðåäåëåíèþ ïîëàãàåì:

a
(0)
ij = aij , b

(0)
i = bi .

Òðåóãîëüíàÿ ôîðìà ïîçâîëÿåò ïîñëåäîâàòåëüíî îäíî çà äðóãèì âû÷èñëèòü
çíà÷åíèÿ íåèçâåñòíûõ, íà÷èíàÿ ñ ïîñëåäíåãî. Ýòî � ñóòü îáðàòíîãî õîäà ìåòîäà
Ãàóññà.
Ïåðåñ÷¼ò îïðåäåëÿåòñÿ ôîðìóëîé:

xk =
1

a
(k−1)
kk

b
(k−1)
k −

n∑
j=k+1

a
(k−1)
kj xj


k = n, n − 1, . . . , 1. Ñóììà ðàâíà 0 ïî îïðåäåëåíèþ, åñëè íèæíèé ïðåäåë
ñóììèðîâàíèÿ áîëüøå âåðõíåãî.
Òåõíîëîãèÿ ïîëó÷åíèÿ ðåøåíèÿ, ìèíèìèçèðóþùàÿ âëèÿíèå îøèáîê îêðóãëåíèé:

1 ïîñòîëáöîâûé (ïîñòðîêîâûé, ïî âñåé ìàòðèöå) âûáîð ãëàâíîãî ýëåìåíòà (íàè-
áîëüøèé ïî ìîäóëþ);

2 öåëåñîîáðàçíî ïðîèçâåñòè ìàñøòàáèðîâàíèå (óðàâíîâåøèâàíèå) ñèñòåìû: ðàç-
äåëèòü âñå ÷èñëà êàæäîé ñòðîêè íà íàèáîëüøåå ÷èñëî ñòðîêè.
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3. LU-ðàçëîæåíèå I

Ïóñòü A � êâàäðàòíàÿ ìàòðèöà n × n, L � íèæíÿÿ (ëåâàÿ) òðåóãîëüíàÿ n × n, U �
âåðõíÿÿ (ïðàâàÿ) òðåóãîëüíàÿ n × n.
Òåîðåìà. Åñëè âñå ãëàâíûå ìèíîðû A íå ðàâíû 0, òî ñóùåñòâóþò òàêèå ìàòðèöû
L, U ÷òî

A = LU.

Åñëè ýëåìåíòû äèàãîíàëè îäíîé èç ìàòðèö L, U íåíóëåâûå, òî òàêîå ðàçëîæåíèå
åäèíñòâåííî.
Áóäåì íàõîäèòü lij(i > j) è uij(i 6 j) òàêèå, ÷òîáû

1 0 . . . 0
l21 1 . . . 0
...
ln1 ln2 . . . 1



u11 u12 . . . u1n
0 u22 . . . u2n
...
0 0 . . . unn

 =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

an1 an2 . . . ann
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3. LU-ðàçëîæåíèå II

Âûïîëíèâ ïåðåìíîæåíèÿ, ïðèõîäèì ê n · n óðàâíåíèÿì îòíîñèòåëüíî n · n
íåèçâåñòíûõ:

u11 = a11, u12 = a12, . . . , u1n = a1n,
l21u11 = a21, l21u12 + u22 = a22, . . . , l21u1n + u2n = a2n,

...
...

...
...

ln1u11 = an1, ln1u12 + ln2u22 = an2, . . . , ln1u1n + · · ·+ unn = ann.

îòíîñèòåëüíî íåèçâåñòíûõ u11, u12, . . ., l21, . . .
Çíà÷åíèÿ íàõîäÿòñÿ îäíî çà äðóãèì â ñëåäóþùåì ïîðÿäêå:

èç 1-é ñòðîêè,

èç îñòàâøåéñÿ ÷àñòè 1-ãî ñòîëáöà,

èç îñòàâøåéñÿ ÷àñòè 2-é ñòðîêè,

èç îñòàâøåéñÿ ÷àñòè 2-ãî ñòîëáöà

è ò.ä.
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3. LU-ðàçëîæåíèå III

Âñå ýëåìåíòû ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ âñåãî äâóõ ôîðìóë:

uij = aij −
i−1∑
k=1

likukj , i 6 j ;

lij =
1

ujj

(
aij −

j−1∑
k=1

likukj

)
, i > j ;

Ïðè ïðàêòè÷åñêîì âûïîëíåíèè ðàçëîæåíèÿ (ôàêòîðèçàöèè) ìàòðèöû
íåîáõîäèìî:

1 ïåðåêëþ÷åíèå ñ îäíîé ôîðìóëû íà äðóãóþ,

2 îñòîðîæíîñòü, ò.ê. ìîãóò îêàçàòüñÿ ðàâíûìè íóëþ äèàãîíàëüíûå ýëåìåíòû U
(îòñþäà òðåáîâàíèå íà ãëàâíûå ìèíîðû). Äëÿ ýòîãî íàäî ýëåìåíòû ujj ñðàâ-
íèâàòü ñ íóëåì (ìàëûì ÷èñëîì).
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3. LU-ðàçëîæåíèå IV

Äëÿ îïðåäåëåííûõ êëàññîâ ìàòðèö òðåáîâàíèÿ òåîðåìû î ðàçëîæåíèè çàâåäîìî
âûïîëíÿþòñÿ. Ýòî îòíîñèòñÿ, â ÷àñòíîñòè, ê ìàòðèöàì ñ äèàãîíàëüíûì
ïðåîáëàäàíèåì:

|aii | >
n∑

j=1,j 6=i

|aij |

äëÿ âñåõ i = 1, 2, . . . , n.
Âìåñòå ÑËÀÓ

Ax = LUx = b

ðåøàþòñÿ äâå ÑËÀÓ: {
Ly = b
Ux = y

1 îòíîñèòåëüíî y � ñ íèæíåòðåóãîëüíîé îñíîâíîé ìàòðèöåé;

2 îòíîñèòåëüíî x � ñ âåðõíåòðåóãîëüíîé îñíîâíîé ìàòðèöåé.
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3. LU-ðàçëîæåíèå V

Ïðèìåð. Íàéòè LU-ðàçëîæåíèå ìàòðèöû è ðåøèòü ÑËÀÓ Ax = b

A =

2 5 7
4 11 20
6 16 17



b =

−1
2
−9


Ðåøåíèå.

L =

 1 0 0
l21 1 0
l31 l32 1


U =

u11 u12 u13
0 u22 u23
0 0 u33


A =

2 5 7
4 11 20
6 16 17

 =

 u11 u12 u13
l21u11 l21u12 + u22 l21u13 + u23
l31u11 l31u12 + l32u22 l31u13 + l32u23 + u33
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3. LU-ðàçëîæåíèå VI

Èç 1-é ñòðîêè:
u11 = 2, u11 = 5, u11 = 7

Èç îñòàâøåéñÿ ÷àñòè 1-ãî ñòîëáöà:

l21 = 2, l31 = 3

Èç îñòàâøåéñÿ ÷àñòè 2-é ñòðîêè:

u22 = 2, u23 = 6

Èç îñòàâøåéñÿ ÷àñòè 2-ãî ñòîëáöà:

l32 = 1

Èç îñòàâøåéñÿ ÷àñòè 3-é ñòðîêè:

u33 = −10
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3. LU-ðàçëîæåíèå VII

Ò.î.:

A =

2 5 7
4 11 20
6 16 17

 = LU =

1 0 0
2 1 0
3 1 1

2 5 7
0 1 6
0 0 −10


Ax = b

1. Ly = b 1 0 0
2 1 0
3 1 1

y1y2
y3

 =

−1
2
−9


Ïîëó÷àåòñÿ:

y =

 −1
4
−10


2. Ux = y 2 5 7

0 1 6
0 0 −10

x1x2
x3

 =

 −1
4
−10
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3. LU-ðàçëîæåíèå VIII

Ïîëó÷àåòñÿ:

x =

 1
−2
1
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ÇÀÊËÞ×ÅÍÈÅ

1 Íàèáîëåå èçâåñòíûé ìåòîä ðåøåíèÿ ñèñòåì íåëèíåéíûõ óðàâíåíèé � ìåòîä
Íüþòîíà. Åãî ìîäèôèêàöèÿ � ìåòîä Íüþòîíà ñ ïñåâäîîáðàùåíèåì � ìîæåò
áûòü ïðèìåíåí äëÿ ðåøåíèÿ ñèñòåìû ïðîèçâîëüíîé ðàçìåðíîñòè.

2 ×Ì ðåøåíèÿ ÑËÀÓ áûâàþò ïðÿìûìè è èòåðàöèîííûìè.

3 ÑËÀÓ îáùåãî âèäà ñ êâàäðàòíîé îñíîâíîé ìàòðèöåé ñèñòåìû ìîãóò ðåøàòü-
ñÿ ìåòîäîì Ãàóññà (ñ âûáîðîì ãëàâíîãî ýëåìåíòà), ìåòîäîì íà îñíîâå LU-
ðàçëîæåíèÿ.
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